Abstract. Many soil slopes are unsaturated and their failure can be a major cause of damage to structures. Apart from soil properties, the Soil-Water Characteristic Curve (SWCC) is the backbone of any unsaturated slope analysis. Uncertainties of these e ective parameters of unsaturated slopes make the probabilistic analysis more realistic, rather than deterministic. In this research, the stochastic analysis of unsaturated slope stability is carried out based on the simpli ed Bishop's method. The stochastic parameters are the input parameters of SWCC, in addition to e ective internal angle of friction, e ective cohesion, and unit weight of soil. Based on the collected results from hundreds of stochastic analyses, the probability of failure is presented as a three-dimensional surface. Finally, the probabilistic model is developed to model this surface and evaluate the probability of failure as a function of safety factor and its correlation of variation.
Introduction
Many geotechnical structures, such as slopes, embankments, earth dams, retaining walls, and foundations, are usually located above the groundwater table; thus, their response involves layers with negative pore-water pressures, which are generally unsaturated. The e ects of negative pore-water pressure are usually neglected in engineering practices because the groundwater table is assumed conservatively to be on the ground surface, or the soil above the water table surface is assumed to be dry in the sense that pore pressure is set to zero in the geotechnical analyses [1] .
The success of any unsaturated analysis, such as unsaturated slope stability, greatly depends on the input data, such as SWCC, that de nes the relationship between the amounts of water in soil (i.e., gravimetric water content, volumetric water content or degree of saturation and matric suction [2] ). Several stochastic analyses of unsaturated slope were presented in literature. Bergardo and Anderson [3] and Gui et al., 2000 [4] considered the in uence of uncertainties associated with pore pressures on slope reliability. The results of this reliability analysis are expressed in terms of reliability index. Reliability computations performed for the slope show that failure zones are better captured by the reliability index than the conventional factor of safety [5] . Wol [6] suggested that a reliability index of 3 for routine slopes and 4 for critical slopes is acceptable. The U.S. Army Corps of Engineers [7] recommended the characterization of safety based on reliability index for implementation in geotechnical engineering practice.
The in uence of the spatial variability of the saturated hydraulic conductivity and the nature of 
Box I triggering mechanisms on the risk of rainfall-induced landslides (for an in nite slope) was studied [8] . It was shown that a probabilistic framework can be used to e ciently consider various failure patterns caused by spatial variability of hydraulic conductivity in rainfall in ltration assessment for a shallow in nite slope [9] . Zhang et al. [10] developed some spreadsheet templates for their suggested method to predict rainfall-induced slope.
The rst aim of this paper is to study the in uence of uncertainty of SWCC, in addition to soil properties' uncertainties in unsaturated slope stability analysis. For this purpose, in di erent steps, uncertainties of SWCC and soil properties are considered and studied in slope stability analysis. Moreover, in this research, the probability of failure is studied as a function of safety factor and its correlation of variation because it is highly possible that two slopes with the same soil properties and geometries can have di erent probabilities of failure due to di erences in variability of the soil properties. Therefore, the probability of failure is investigated as a three-dimensional (3D) surface. The presented surface for probability of failure is modelled by Gene Expression Programming (GEP) as a powerful arti cial intelligence method to predict equations without any prior assumption.
Analysis method for unsaturated slope stability
It is well known that suction of unsaturated soils has signi cant in uence on any analysis of these soils due to the e ect of basic mechanical properties of soils such as shear strength. In this study, the General Limit Equilibrium (GLE) method is used to analyse the stability of slope. The GLE method provides a general theory wherein other methods can be viewed as special cases [11] . The Factor of Safety (FS) with respect to moment equilibrium is calculated through Eq. (1) [2] as shown in Box I. The parameters used in The horizontal inter-slice normal forces (L and R subscripts designate the left and right sides of the slice, respectively) X The vertical inter-slice shear forces (L and R subscripts designate the left and right sides of the slice, respectively) R The radius for a circular slip surface or the moment arm associated with the mobilized shear force, for any shape of slip surface f
The perpendicular o set of the normal force from the centre of rotation x
The horizontal distance from the centreline of each slice to the centre of rotation The angle between the tangent to the centre of the base of each slice and the horizontal The length of the base of a slice n Total normal stress u a Pore-air pressure u w Pore-water pressure c 0 E ective cohesion 0 E ective internal friction angle tan b Angle related to the change in shear strength with respect to a change in suction
The GLE method can be used to simulate various methods of slices using the appropriate inter-slice force Figure 1 . Forces acting on a slice through a sliding mass [2] .
assumption [2] . In this study, the simpli ed Bishop's method is considered in unsaturated slope stability analysis ( Figure 1 ). The simpli ed Bishop's method assumes circular slip surface and zero inter-slice shear forces in slope stability analysis [12] .
Soil-water characteristic curve
In this research, an arti cial intelligence model of SWCC is used in the analyses. From previous works on the topic, it is well understood that the SWCC is dependent on the grain size distribution, soil density, suction and water content of the soil. Hence, any of the SWCC parameters and/or any combination of these parameters may be considered as appropriate candidates for inputs of the model. The model, namely GEP, has acceptable accuracy to predict the SWCC [13] . GEP model uses the soil properties as inputs to predict SWCC and does not use the curvetting parameters. The GEP model for predicting SWCC is as follows [13] : 
where A i is actual value for the ith data, P i is predicted output data for the ith data, and N is total number of data available in the database. Moreover, R 2 is correlation coe cient (square of the Pearson product moment correlation coe cient).
One of the advantages of the SWCC model for reliability and stochastic analysis is that it has a speci c equation for SWCC prediction. Therefore, there is no undetermined variable, such as the curve tting parameters, that could generate some di culties (such as managing the proper correlation between curve tting parameters). On the other hand, the input parameters of this model are based on grain size distribution curve and inherent soil properties, which are absolutely well known among geotechnical engineers.
The comprehensive explanation of this method is available in [13] ; however, as an example, Figure 2 shows the prediction of SWCC by GEP model for a typical soil sample of databank with the following properties: For this soil sample, the complete procedure for calculating SWCC using GEP model is presented in the Appendix. 
Deterministic unsaturated slope stability analysis
To initiate unsaturated slope stability, a typical slope is analysed using simpli ed Bishop's method. Table 2 shows the arbitrary soil properties, selected from SoilVision databank [14] . For this purpose, a typical slope ( Figure 3 ) with length of 20 m and a gradient of 2(H):1(V) is used. The suction is controlled by the water content of the soil layers. The water table is assumed to be at heel of slope. Determining the water content or pore water pressure at slope using various approaches is well studied in the literature [15] [16] [17] . However, in this research, some simpli ed assumptions of water content distribution are considered in the analysis. It is assumed that suction linearly increased from zero (at water table) to maximum value at the ground surface (A-B level). The suction at the ground surface is obtained through water content of slope surface and selected soil properties using GEP model of SWCC. The water content of the soil at the ground surface is assumed to be a logical value of 24.5 (%), and the pore air pressure is assumed atmospheric (u a = 0). Other mechanical and geometrical parameters are given in Table 3 . In order to evaluate the slope stability, a computer program was coded in MATLAB based on the simpli ed Bishop's method. MATLAB is a powerful multi-paradigm numerical computing environment and fourth-generation programming language. MATLAB allows matrix manipulations, plotting of functions and data, implementation of algorithms, creation of user interfaces, and interfacing with programs written in other languages, including C, C++, C#, Java, Fortran, and Python. Table 3 . Figure 4 shows the critical slip surface of slope obtained from the Particle Swarm Optimization (PSO) algorithm. PSO is a computational method that optimizes a problem by iteratively trying to improve a candidate solution with regard to a given measure of quality. It solves a problem through a population of candidate solutions, dubbed as particles herein, and moving these particles around in the search-space according to simple mathematical formulae over the particle's position and velocity. Each particle's movement is in uenced by its local best-known position; however, it is also guided toward the best-known positions in the search space, which are updated since better positions are found by other particles. It is expected that the swarm move toward the best solutions [18] [19] [20] .
Based on the conducted analysis, the minimum factor of safety related to critical slip surface of the slope is FS = 1.52. In this approach, using the arti cial intelligence model of SWCC, there is no need for measuring negative pore water pressures above the groundwater table or performing pressure plate to access the SWCC.
Veri cation of the coded programs
There are various feasible alternatives to simpli ed Bishop's method. Other limit equilibrium methods, such as Ordinary, Janbu, and Morgenstern-Price methods, are among feasible alternatives. Moreover, numerical methods, such as Finite-Element Method, are the other options. However, the simpli ed Bishop's method is an acceptable method widely used in the literature due to its accuracy and simplicity. To clarify the e ciency of this method and the possible e ect of it, the result of analysing the slope with this method is veri ed and compared with that of niteelement method. For this purpose and to verify the accuracy of the developed code, the selected slope is also analysed by nite-element method, which is coded in MATLAB. Figure 5 shows its nite-element discretization. The safety factor of a slope by niteelement method is obtained by generating the e ective stress eld due to gravity and suctions, followed by a systematic reduction in shear strength parameters tan 0 and c 0 , until the algorithm is unable to satisfy both the Coulomb criterion and global equilibrium [21] . The obtained factor of safety from this method is FS = 1.53. The failure mechanism from nite-element analysis is shown in Figure 6 . The di erence between the safety factor resulted from this approach (1.53) and that resulted from developed limit equilibrium MATLAB code in previous section (1.52) is less than 1%; thus, the results are perfectly compatible.
Stochastic unsaturated slope stability analysis
To investigate the e ect of SWCC uncertainties on the analysis of unsaturated slope stability, di erent conditions are speci ed and the analysis is performed for each of them separately. It can help have a better understanding of the in uence of SWCC uncertainties on unsaturated slope stability. The determined conditions are as follows:
a) Considering uncertainties of SWCC: In this condition, just the soil input parameters of SWCC have been de ned as stochastic variables. The SWCC model uses some basic soil properties as the input parameters. The uncertainty of SWCC results from that of its input parameters; thus, they are set as stochastic parameters. For this purpose, a truncated normal probability distribution function was assumed for void ratio, initial water content, clay content, and silt content as presented in Table 4 . The normal distribution is a very common continuous probability distribution. Normal distribution is so important in statistics and is often used in the literature because it is highly compatible with the uncertainty of soil properties. In fact, for each random series of stochastic inputs of Eq. (4), the equation is solved and the suction is achieved. However, in unsaturated slope stability analysis, the suction is needed (e.g., Eq. (6)). Therefore, the model was solved to extract dispersion of suction for speci c water content based on stochastic input parameters. As a result, the probability density function (pdf) of suction as a stochastic parameter is determined (Figure 7) .
The geometry and other parameters are considered the same as the deterministic analysis in a previous part. The result of probabilistic analysis of unsaturated slope stability is shown as pdf of factor of safety in Figure 8 . The safety factor is continuously increasing from 1.46, when the suction is 8 kPa and the soil is almost saturated to 1.78 at the maximum suction, which generated 20% change in safety factor. However, considering other conditions in slopes, higher uncertainties in input parameters of SWCC and calculating suction in every single point of slopes may rise this di erence considerably; b) Considering uncertainties of SWCC and soil properties: In this part, the SWCC model's parameters (void ratio, initial water content, clay content, and silt content) and important mechanical properties of soils (e ective cohesion, e ective friction angle, and unit weight) are considered as stochastic parameters. The stochastic parameters with truncated normal probability distribution function are given in Table 4 .
The results of this analysis are shown as a probability density function of factor of safety in Figure 9 . On the other hand, deterministic analysis using the mean value of the stochastic parameters (as Section 4.1) shows that the safety factor of unsaturated slope is about 1.52. This demonstrates that the slope is stable; however, the probability of stability or failure is not speci ed. Although this safety factor is approximately the most probable value, it is probable to encounter less safety factors in this slope. Based on Figure 9 , the probability of the presence of this safety factor value and less (FS 1.52) is considered to be about 45%.
Furthermore, the safety factor, in which there is no possible value below it, is 2.26. Therefore, a designer can achieve a useful tool for engineering judgment. In fact, reliability assessment and engi- neering judgment are employed together to develop risk and decision analyses; c) Considering uncertainties of soil properties in saturated state: At the last part, the analysis was repeated for the saturated condition of slope. In other words, the e ects of suction and SWCC on slope stability are neglected. The pdf of safety factor related to this analysis is illustrated in Figure 9 . In this case, the pdf shifted to the left and the minimum and maximum of the probable safety factor decreased to 2.1 and 0.81, the same as the most probable safety factor, which declined to 1.44. However, the standard deviation of safety factor does not have a considerable di erence in saturated and unsaturated analyses. It is 0.39 in unsaturated condition and 0.38 in saturated analysis. The mean of probable safety factors increased from 1.45 in saturated condition to 1.58 in unsaturated conditions.
Probabilistic model development
In order to develop a probabilistic model for unsaturated slope stability, several random series of input parameters, including correlation coe cient {0.5 between c 0 and 0 [22] and the correlation coe cient 0.95 between e and ! 0 (resulted from real samples of SoilVision databank [14]), were considered. The correlation coe cient could be a value between {1 and 1 where 1 indicates a completely direct relation between two parameters; on the contrary, {1 represents a completely adverse relation. The correlation between c 0 and 0 was well studied in the literature, and {0.5 was presented as an acceptable correlation coe cient between c 0 and 0 .
Moreover, in order to consider the possible inuence of geometry and generalize the analyses, the slopes were analysed in various arbitrary geometries with slope angles of 30, 40, 50, and 60 degrees.
Probability of failure in slopes was studied in 2D and, then, 3D spaces. In the 2D form, the probability of failure was assessed with respect to the safety factor. However, in the 3D form, the Coe cient Of Variation (COV) of safety factor was added to the analysis.
Modelling the probability of slope failure
To develop a probabilistic model for unsaturated slope stability, the steps below were followed:
Several random series of input parameters c 0 , 0 , , e, ! 0 , Cl, and Si were considered as mean values; A nite slope with arbitrary horizontal length (L) and angle of slope () was selected (the arbitrary slope angles of 30, 40, 50, and 60 degrees were selected); The critical slip surface for each data series was obtained by the PSO technique; The uncertainty in the input parameters for each series of database was assessed; The pdf and cumulative distribution function (cdf) of factor of safety was determined for each data series; The probability of failure was computed from the cdf for each series (the cdf corresponded to FS 1);
The factor of safety of each data series was calculated using the deterministic approach based on simpli ed Bishop's method (Eq. (1)); The probability of failure and the related factor of safety from two previous steps were plotted with respect to each other. Figure 10 demonstrates the results for a number of data series.
The factor of safety cannot be a su cient index for reliability analysis of slopes; moreover, as seen in Figure 10 , the same safety factor may lead to various probabilities of failure. It is possible that two slopes with nominally identical soil properties and the same geometries can have di erent probabilities of failure due to di erences in variability of the soil properties. The probability of failure with regard to the safety factor is not a 2D unique graph, and it is highly related to the variability of the safety factor too. Therefore, the probability of failure and the related factor of safety with respect to coe cient of variation of safety factor must be studied in a three-dimensional space. In this research, based on this phenomenon, the probabilities of failure regarding the safety factor at various COVs of Figure 10 . The probability of slope failure with respect to factor of safety. Figure 11 . The 3D surface of probability of slope failure. safety factor are calculated, and the results are plotted in Figure 11 .
For a better understanding of Figure 11 , it is plotted in a two-dimensional graph for some speci c COVs. Figure 12 shows the probability of failure curve for various coe cients of variation from 0.1 to 0.5. It is clear that, at FS = 1, all of the curves pass through a common point, which corresponds to the probability of failure of 50%. It can be divided into two parts: FS<1 and FS>1. For the safety factors less than 1, the probability of failure decreased with an increase in COV. Contrarily, for the safety factors greater than 1, the probability of slope failure arises with increasing the COV. However, as a principle for each curve, the greater the factor of safety, the less probability of failure. Moreover, the range of possible probabilities of failure varies in di erent safety factors. Figure 13 illustrates the tolerance of probability of failure in various safety factors between 0.5 and 2.0.
Model development using GEP
In this section, attempt is made to model the presented surface in Figure 10 . The surface is rather complicated with an irregular curve which is not applicable to modelling by the curve-tting approach; thus, a soft computing technique could be a suitable option. There have been many scienti c e orts directed at applying soft-computing techniques, specially GEP to engineering [23] [24] [25] [26] [27] [28] [29] . The principal advantage of the GEP approach is its ability to generate powerful predictive equations without any prior assumption of the possible form of the functional relationship [30] . In this research, the GEP is employed as an arti cial intelligence method to model the probability of failure surface and predict the probability of failure. This modelling covers the COV range from 10% to 50% based on literature ( [31, 32] ) and the range of practical safety factors, which are obviously FS>1. For this purpose, 75% of data series are selected randomly as training data for teaching the model and the rest as testing data for testing the developed model.
The GEP software [33] was used to perform symbolic regression using GEP and model the probability of failure. In GEP method, the values of setting parameters have huge in uence on the tness of the nal output model [30] . Among these parameters, the most important ones are the number of genes, gene's head size, number of chromosomes, and the rate of genetic operators. This approach involved using di erent setting parameters and conducting runs in separate steps to nd the suitable setting parameters. During each step, runs were carried out and the values of one of the above-mentioned parameters varied, whereas the values of the other parameters were kept constant. At the end of each run, the MSE for both training and testing sets was recorded in order to identify the values that give the least MSE [13] . The input parameters used in this modelling are presented in Table 5 .
One of the advantages of the GEP technique is that the relationship between the inputs of the model and the corresponding outputs is automatically constructed in the Expression Trees (ET) [13] . In this modelling, the appropriate nal ET consists of two subtrees (ET1 and ET2) that are linked to each other by \addition" to produce the nal model, presented in Figure 14 . The depicted ETs in Figure 13 can be formulated easily into a mathematical equation as in Eq. (9) . In this formula, the probability of failure is a function of deterministic safety factor and coe cient of variation of safety factor: 
where P f is the probability of failure, FS is de ned deterministic safety factor, and COV is coe cient of variation of safety factor. Previous modelling of probability of failure for other geotechnical problems, such as liquefaction or seismic slope stability, studied the probability of failure just as a function of safety factor. However, the proposed model in this research adds the COV to the modelling. This can be more compatible with the Figure 15 . Probability of failure versus factor of safety at
concept of probability of failure, as discussed in section 6.1 [34, 35] .
To demonstrate the accuracy of the proposed model in determining probability of failure, the GEP model prediction and actual data at COV = 0.3 are shown in Figure 15 . Comparison of the curves indicates good performance of the proposed model for predicting the slope probability of failure. Furthermore, Table 6 presents the performance of the developed GEP model's prediction in detail.
Conclusion
Deterministic and probabilistic unsaturated slope stability analyses were investigated using Bishop's method and GEP model of SWCC. The suction of soil in various zones of slope was estimated using GEP model based on their water content. In this research, input parameters of SWCC, the e ective internal angle of friction, e ective cohesion, and unit weight of soil all were selected as uncertain soil parameters in analyses. In several stochastic analyses, the in uence of the SWCC and its uncertainty was studied in slope stability analysis. Finally, the probability of failure was studied as a 3D surface whose dimensions are probability of failure, factor of safety, and COV of safety factor. A simple function was suggested using GEP to model this surface and predict the probability of failure in unsaturated slopes. Using the proposed model, the probability of failure of slopes can be assessed directly using deterministic factor of safety and its COV.
However, this paper has some simpli ed assumptions to carry out unsaturated slope stability such as neglecting pore air pressure and assuming speci ed water content pro le in the slope. It would be desirable to determine water content pro le in the slope using permeability function considering rainfall ux and evaporation. In such cases, the uncertainty of permeability function could be the eld of further studies. The magnitudes of e, ! 0 , Cl and Si were constant in the sample, while the magnitude of Su varied. For each arbitrary suction point, for instance 25.6 kPa, the normalization was done as follows: Su = log (Su 1 =100) log (Su min =100) log (Su max =100) log (Su min =100) = log (25:6=100) log (0:2=100) log (104857:6=100) log (0:2=100) = 0:368:
2. By placing the above normalized value into Eq. (6), the result will be: 
